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Abstract. We discuss the g-orthogonality (L9) and its basic propertics in a normed space. We
also define a new g-angle between two vectors and prove its basic properties by using the g-
orthogonality (L19). Moreover, we prove the sufficient and necessary conditions for strictly
convexity in a normed space by using a new g-angle.

1. Introduction

The notions of orthogonality and angle in inner product space (X,(-)) are interesting and old
()

mathematical theme. The angle B(u,v) in inner product space defined by B (u, v) = arccos T

1
‘|l = {-)2. The angle B(u,v) satisfies the following properties.

Here, |

1) wuand v are of the same directioné and only if B(u,v) = 0;
u and v are of opposite direction if and only if B(u,v) = 7w .
2) B(u,v) = B(v,u).
_(B(wv), ifaf >0
3) Blaw fv) = {II —B(u,v), ifaf <0.
4) Ifu,— wand v, = v (in norm) then B (u,, v,) = B(w,v). (see [1]).

Then u is said to be orthogonal to v (1 L v) if only if (u, v} = 0,1.e.., B(u, v) = m/2. Several notions
of orthogonality and angle between two vector also have been developed in normed space with the norm
not necessarily coming from an inner product during last decades.— see, for example [2,3,4,5,6,7,
8.9].

Miliéi¢ [10,11,12] introduced g-orthogonality in normed spaces (X, ||||) via Gateaux derivatives. The
mapping g: X? — R defined by
1
9@, v) =S llulll¢,wv) + ¢_(u,v)]
where
[l + ivll — [lull
—

D

u,v) = lim
qbi( ) i—0t
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Then, one may check that g satisties the following fact :
D g w) = llull?;
2) g(au, fv) = aﬁﬁu,v} foralla, B € R ;
3 gwu+v)=llull*+gwv);
4 lgwv)l = IIQIIvII-

The maping g(w, v) is a semi-inner product on X if, in addition, g (u, v) is linear in v. For instance, for
every u,v € [P (1 < p < o), g(u, v) is asemi-inner product [13,14] with
- p-1
9@,v) = lully " Zilw|” sen(w)vi, w= (w),v=(v) € lP. )

Mili¢ic¢ [11] defined the g-orthogonal by u L, v provided g(u, v) = 0.Related to g-orthogonality, the

g-angle By (u,v) defined by B, (u, v) = arccos ”gﬁi’;)”. Note that in (X,{-;)), B;(u,v) is identical
u v

with B(u, v).

In this paper, we will discuss the other g-orthogonality (L9) in a normed space that was also introduced
Mili¢i¢. Next, we will introduce a new g-angle B9 (u, v) and discuss its connection to By (u, v). In the
last section, we prove the sufficient and necessary conditions for strictly convexity in a normed space
by using a new g-angle.

2. Main result

2.1. The g-orthogonality two vectors (L9)

In this subsection, we can discuss the g-orthogonality (19) in (X, ||-||) and its basic properties. Firstly,
we write the mapping (-,-)Y on X by

(wv)9 = glu,v) x g(v,u) 3
where g is the semi-inner product on X. By using properties of g presented in the introduction, we obtain
the following result.

Fact 1. The function (3) satisfies the following conditions:

(1) (u,u)9 = ||ul|* for any u € X;

2) (w,v)¥ =@, u)dforanyu,veXande, f ER;;

(3) (aw, fv)9 = (af)? x (u,v)9 forany u,v € X and a, § € R;
@ | v)? < |lull® % [[v|I* for any u, v € X.

Remark 2. The property of the triangle inequality is not fulfilled. For instance, consider the normed
space (14, Ill). Take u= @ —20,...),v=(0,2,0,...),and w = (3,1,0,...) in [}. We observe
that g(u,w) =8, g (v,w) =2, glw,u) =0, glw,v) =8, g(w,u+ v)=8and glu +v,w) = 6.
Therefore, (u + v,w)¥ > (u,w)9 + (v,w)d.

as follows.

Definition 3. [11] Vector u is said to be g-orthogonal to vector v in a normed space, and we write
u L9 v if the mapping (u, v)9 = 0.

In inner product space, u L9 v is identical with (i, v} = 0. By using Fact. 1 and semi-inner product,
we obtain the properties the g-orthogonality (L) as follows.

[¥]
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Theorem 4. The g-orthogonality (17) satisfies the following conditions:

(1) w L9 wimpliesu = 0 (nondegeneracy property).

(2) w L9 vimpliesv LI u (symmetry property).

(3) w L9 vimplies au 19 bv for any a, b € R (homogeneity property).

(4) Forall u,v € X there is a real number y such that w 19 (yu + v) (resobvability property).
Proof. The properties (1) — (3) are obviously true by Fact 1. Next, for (4), choose y = — gaur) Then,

[l
we obtain
(wyu+v)9 =g, yu+v) x glyu+v,u)
= [yg(u.v) + g(u, v)) xglyu+wv,u) =0,
as desired. [ ]
Next, we have the connection between two g-orthogonality (19 and L) as follows.
Proposition 5. For every u,v e X,ifu 1y v thenu 19 v,

Remark 6. Converse of the above proposition is not fulfilled. For instance in (I%,||]l,), take u =
(2,2,0,..),v =(-23,0, ... ). Using properties of g, we can observe that g(u,v) = 4 but (u,v)9 =

Next, we obtain result as follows.
Proposition 7. Let (X, ||:])) be a normed space. Then

(1) wlyvandu Ly v implies u 19 v+ v' for any u,v,v' € X.

(2) vy = v (innorm) aiffft Ly vy foranyn €N impliesu 19 v.
Proof. (1) Becausec u L, v and u L, v’ then g(u,v) =0 and g(u,v") = 0. By properties of g. we
obtain

wrv+v)9=gv+v)xglv+v,u
=(gluv)+gw V) xglv+v,u)=0.

(2) By properties of g and u L v,,, we have
(w,v)9 =g,v) xgvuw)
=(gw,v) — gw,vy)) x gw,w)
=g(wv—vy) x glv,u)
< Jlull % llv, — vl x g(v, w).
Because [|lv,, — vl = 0, we obtain u L9 v. This proves the proposition.

2.2. The new g-angle (B9(:,"))
In this subsection, wefkan introduce the new g-angle (BY(,")) which preserves the above g-
orthogonality. Define the new g-angle between two nonzero vectors u, v € (X,||-||), denoted by
B9 (u,v) with

w, )4
(el x [lw ]2
Remark 8. For instance, consider (1%, [][;), with  g(u,v) = IIulllzjsgn(uj)vj. Take u =
(21,00,..) and v=(3,-2,0,0,..). We observe that [[ull; =3. llv|l; =5, g(v,u) =5 and
g(u, v) = 3. So, we conclude that B9 (u, v) = arccos é

BY(u,v) = arccos

Note that B9 (u,v) = %n if and only if (u, v)9 = 0.In (X, (:)), BY(:,) is equivalent the usual angle
B(-).

Next, we have result as follows.
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Theorem 9. The new g-angle B9 (-,") satisfies the following conditions:

(1) Forallu,v € X, uandv are linearly dependent implies B9(u,v) = 0.
(2) Forallu,v € X, B9(u,v) = B9(v,u).

(3) Forallu,v € X and a, € R — {0}, BY(au, fv) = BI(u,v).

Proof.
(1) Suppose u = cv forevery y € X and ¢ € R — {0}. Observe that
BI(u,v) = arccosﬂ = arccosw =0
llevll? x Jlv|I? cHlvll*

(2) By using the properties of norm and Fact 1, we observe that
(u, )¢
[lull? % |v]|?
= arccosﬂ = B9(v,u).
(vl x Jull? '
(3) Suppose a, f € R — {0}. Using the properties of norm and Fact 1, we have
(aB)? x (w19
(aB)? x (llull> x{Ivil?)
= B9(u,v).

B9(u, v) = arccos

B9 (au, fv) = arccos

as desired. [ ]
Remark 10. The new angle BY (u, v) does not satisfy paralelisme and continuity property. Forexample,
let (1%, ]|-]l,) be a normed space with g(u,v) in (1). Takeuw = (=1,1,0,...)and v = (1,-1,0,...).
We can see that x and y are linearly independent, but B9 (1, v) = 0. Next, with choose u, = (1+
i.l,O....), Vp = (ilO) u (1,1,0,...) and v = (0,1,0,...). We observe that u,, = u and
vy = v but (u,,v,)? +» (1, v)9. Hence, B9 (u,,v,) + B9(u,v). By (3), we observe that BI(-")

between two vectors is also BI(--) between two lines.

Next, we have the connection between the g-angle presented in the introduction B (u, v) and the new

g-angle B9 (u, v) as follows.

Proposition 11. Ler u, v € X — {0}.

(1), B9 (u,v) = 0 implies By (u, v) = 0.

(2) By(w,v) = % implies B9 (u, v) = % .

Proaof.

(1) Suppose that B9(u,v) = 0. By definition B9, we obtain g(u,v) X g(v,u) = |[u]?* x ||v|>.
Because g(u,v) < [lull x |lvll and g(v,u) < |lull x [|[vl, then g(u,v) = [[ull x [[v||. Hence,

By(u,v) = 0.
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(2) Because Bg(u, v) = % , we obtain u 1y v. By using Proposition 5, we obtain u 19 v. Hence, we
m

conclude that B9 (u,v) = 5

2.3. The connection between the new g-angle and strictly convex
In this subsection, we will prove the sufficient and necessary conditions for strictly convexity using the

new g-angle. X is strictly convex if the following condition holds: if |[u|| + [|v]|| = |lu + v|| where
u,v € X — {0}, then v = tu for some 7 € R*. To prove the sufficient and necessary conditions for
strictly convexity, we use the following th(arem.

Theorem 12. [13] A semi-inner product (X, [,-]) is strictly convex if and only if this condition holds:
Jorallu,v € X —{0}, if [u,v] = llull x ||v|| thenv = tu for somet € R*.

Finally, we ha the result as follows.

Theorem 13. X is swrictly convex if and only if this condition holds:, cos B (u,v) = 1 for all u,v €
X — {0} impliesv = tu for some T € R* .

Proof. Assume X is strictly convex. If cos B9(u,v) = 1 then g(u,v) X g(v,u) = |lul* x ||v||?.
Because g(u,v) < lull x |lvll and g(v,u) < [full x ||v]l. then g(w,v) = [lull X |lv|l. By using
Theorem 12, we obtain there is T € R*such that v = Tu.

Conversely, suppose that for every u, v € X — {0} ,cos BY(u,v) =1 implies v = tu for some 7 €
R* hold. Consider g(u, v) = |lull x ||v|| forevery u, v € X — {0}. By using [15], we obtain g (v,u) =
[[ull % |lv]|. As a consequence, for every u, v € X — {0}, cos B(u, v) = 1. By hypothesis, there is T €
R*such that v = tu. Hence, for every u,v € X — {0}, g(u,v) = |lull x |[v|| implies there is T €

R*such that v = tu. By using Theorem 12, we obtain (X, |||} is strictly convex. m

3. Concluison
Based result has been given on above section, wfave discussed the other g-orthogonality (19) and
the new g-angle (B9(-,)). Next, we have proven basic properties. We also have shown the connection

Btween the g-angle two vectors (Bg (u, v)) and the new g-angle two vectors (Bg(u, v)). Moreover,

we have proven the sufficient and necessary conditions for strictly convexity in a normed space by using
B9 (u,v).
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